Abstract. We show that the Hilbert series of the projective variety X = P (Omin), corresponding to the minimal nilpotent orbit Omin, is universal in the sense of Vogel: it is written uniformly for all simple Lie algebras in terms of Vogel's parameters α, β, γ and represents a special case of the generalized hypergeometric function 4F3. A universal formula for the degree of X is then deduced.
Introduction
Let g be a complex simple Lie algebra and O min be the minimal (in the sense of dimension) non-zero nilpotent orbit in g ≈ g * . It is well-known that such orbit is unique, see [5] ).
Its projective version X = P (O min ) ⊂ P (g) is a smooth projective variety, sometimes called adjoint variety (see e.g. [10] ). It is the only compact orbit of the corresponding complex group G acting on P (g).
These varieties have some remarkable geometric properties. In particular, they can be characterised as compact, simply connected, contact homogeneous varieties [3] , or, under certain assumptions, as Fano contact manifolds [2] . Their quantum versions related to Joseph ideals [9] were studied in [12] .
In this note we analyse these varieties from the point of view of the universal simple Lie algebra of Vogel [14] . This object is still to be defined, but Vogel's parametrisation of simple Lie algebras has already proved to be very useful for representation theory (see e.g. [11, 13] ).
Recall that the universal Vogel's parameters α, β, γ can be defined as follows [14] . Take symmetric part of the tensor square of the adjoint representation of g and decompose it into irreducible representations. Then it turns out that, apart from a trivial representation corresponding to invariant symmetric bilinear form, there will be three of them (two for the exceptional Lie algebras).
Choose an invariant bilinear form on g and consider the eigenvalues of the corresponding Casimir element on these representations. In Vogel's parametrisation they are 4t − 2α, 4t − 2β, 4t − 2γ, where t = α + β + γ, which defines the parameters uniquely up to a common multiple (because of the freedom in the choice of the invariant form). If we choose the normalisation in which the negative parameter α = −2, then t = h ∨ is the dual Coxeter number and the corresponding parameters are given in Table 1 . In this note, we will give some universal formulae related to the minimal nilpotent orbit O min ⊂ g by means of the Hilbert series of its projectivisation
Recall that for a projective variety X ⊂ P n the Hilbert series H X (z) is defined as the generating function
where S(X) = C[x 0 , . . . , x n ]/I(X) is the homogeneous coordinate ring of X and S(X) k is the component of degree k.
by a polynomial h X (x) called the Hilbert polynomial, see [8] . Now, return to the case when X = P (O min ) and introduce the parameters given by
where α, β, γ are Vogel's parameters given in Table 1 . Recall that the Pochhammer symbol (a) n is defined as
with (a) 0 = 1. Then our main observation is the following universal formula describing the Hilbert series of X. Theorem 1.1. The Hilbert series of the projectivisation X = P (O min ) of the minimal nilpotent orbit O min has the following universal form
with the parameters a 1 , a 2 , a 3 , b 1 , b 2 given in terms of Vogel's parameters by (2) and (3).
In the rest of the note we will derive the formula (5) and describe its consequences. In particular, we will extract universal formulae for the dimension and the degree of the projective variety X. The explicit values of the parameters a 1 , a 2 , a 3 , b 1 , b 2 as well as dim X and deg X are listed in Table 2 . Table 2 . Parameters, dimension and degree of X = P (O min ).
Universal formula for Hilbert series
The derivation of the universal formula (5) is in fact simply a combination of two important results.
The first one goes back to Borel and Hirzebruch and sometime is attributed to Kostant, see [6, 7] . It claims that as a g-module S(X) for X = P (O min ) has a form
where θ is the maximal root of g and V (λ) is the irreducible representation with the highest weight λ (see [6] ).
The second one is the universal formula for the dimension of V (kθ) found by Landsberg and Manivel [11] :
where a k is a binomial coefficient defined for any a and integer k ≥ 0 as a k
Rewriting (7) in terms of Pochhammer symbols (4) and combining it with (6), we have
where a 1 , a 2 , a 3 , b 1 , b 2 are given by (2) and (3). This gives us formula (5).
Let us now turn to the Hilbert polynomial h X (x) which satisfies
if k is sufficiently large. To obtain a universal formula for h X (x), apply the formula
where Γ(x) is the classical Gamma-function [16] . Then the right-hand side of (8) becomes
Since this expression for the parameters corresponding to simple Lie algebras turns out to be a polynomial in k, we have Corollary 2.1. The Hilbert polynomial of X = P (O min ) has the following universal form
The fact that the last formula works for all k ≥ 0 follows from [7] .
Geometric consequences
Recall that Hilbert polynomial of X determines both the dimension and the degree of X as
where d = dim X (see e.g. [7] ). Applying the limit
to (9), we have the asymptotic expansion
where the leading coefficient A is given by
Therefore, we have dim (10) . After a simple algebra, we obtain Corollary 3.1. The dimension and the degree of
respectively.
where h ∨ is the dual Coxeter number of g. This recovers the formula due to Wang [15] :
Let us compare this with the results of Gross and Wallach [7] , who derived from the Weyl dimension formula that Hilbert polynomial h X (q) can be given as a product over positive roots of g:
where ρ is the half-sum of the positive roots. The Hilbert series of X has the form
As a result they arrived at the following formula for the degree of X:
where the product is taken over positive roots such that (θ, α ∨ ) = 0. It would be interesting to deduce from here our formula (13) , which is a universal form of the right hand side of (16). Let us consider as an example the A n -case, when X = P (O min ) is the hyperplane section of the Segre variety [7, 8] . The formula (13) gives in this case
which agrees with well-known result (see [8] ).
The degrees of other types are presented in Table 2 . The result in E 8 -case agrees with the one given in [7] . It is interesting to note that in type B and D the degrees are the corresponding Catalan numbers times 4.
Hilbert series as hypergeometric function
Let us show that the Hilbert series of X = P (O min ) is in fact a particular case of the generalized hypergeometric function 4 F 3 (cf. [1] ):
To see this, let the parameters a 1 , a 2 , a 3 , b 1 , b 2 be given by (2), (3), and a 4 , b 3 by
Then (8) is rewritten as
and hence we obtain Corollary 4.1. The Hilbert series of X = P (O min ) is written as
with the parameters a 1 , a 2 , a 3 , a 4 , b 1 , b 2 , b 3 given by (2), (3) and (18).
Note that the series can also be written in terms of 3 F 2 hypergeometric function as
We can well use the formula (20) to derive the dimension formula for the variety X. Recall the differential equation for the hypergeometric function
The point z = 1 is a regular singular point (in the sense of analytic theory of differential equations) with the exponents 0, 1, 2 and
(see e.g. [4] ). Since the Hilbert series H X (z), X = P (O min ), is a rational function with the pole at z = 1 of order equal to the dimension of dim X + 1,
Finally, let us recall that the Hilbert series H X (z) can be written as
for some palindromic polynomial P X (z) with P X (1) = deg X (see e.g. [7] ). In our case, the problem of finding such a P X (z) is a particular case of the connection problem for the differential equation (22) from z = 0 to z = 1, but formally we can write it down universally as
where H X (z) is given by (20).
Concluding remarks
Our results imply also that the Hilbert series of the ideal I = I(X) determining X
where I k is the component of I of degree k, is also universal. Indeed we have
and N = dim g is the dimension of g, which can be given by Vogel's formula
Since
this implies the following universal expression for dim I k :
Note that all our formulae are symmetric in β and γ, but not in α. A natural question is about the meaning of the corresponding Hilbert series when we permute α with β or γ. From Landsberg and Manivel [11] we have an interpretation of the corresponding coefficients as the dimensions of certain virtual g-modules, which are zero for large k (see the full list for all types in Section 6 of [11] ).
According to (12) ,(13) the corresponding "virtual varieties" Y and Z must have degree 0 and negative dimensions:
In particular, for A n type dim Y = −2n − 5, dim Z = −7.
Is there any geometry behind this?
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